
MHQANIKH SUNEQWN MESWN
LUSEIS

25 IounÐou 2013
Q�rhc Skìkoc

1) a) (0,5 mon�dec) PoÐa sqèsh sundèei ta dianÔsmata ϵ⃗i thc fusik c, kai ϵ⃗i thc antÐstrofhc
fusik c b�shc se orjog¸nio kampulìgrammo sÔsthma suntetagmènwn (u1, u2, u3)?
b) (1 mon�da) Na apodeÐxete aut  th sqèsh.
g) (1 mon�da) 'Estw ìti se kampulìgrammo sÔsthma suntetagmènwn (u1, u2, u3) ta dianÔsmata thc
fusik c b�shc eÐnai

ϵ⃗1 = sinu2 cosu3e⃗1 + sinu2 sinu3e⃗2 + cosu2e⃗3

ϵ⃗2 = u1 cosu2 cosu3e⃗1 + u1 cosu2 sinu3e⃗2 − u1 sinu2e⃗3

ϵ⃗3 = −u1 sinu2 sinu3e⃗1 + u1 sinu2 cosu3e⃗2

ìpou e⃗1, e⃗2, e⃗3 monadiaÐa dianÔsmata b�shc KartesianoÔ sust matoc suntetagmènwn. Na breÐte
ta dianÔsmata thc antÐstrofhc fusik c b�shc.

LÔsh: a) ExÐswsh (10) paragr�fou §1 apì to biblÐo twn I.D. QatzhdhmhtrÐou kai G.D. Mpìzh
`Eisagwg  sth Mhqanik  twn Suneq¸n Mèswn':

ϵ⃗iϵ⃗j = δij .

b) SelÐdec 11-12 [exis¸seic (9)-(11)] paragr�fou §1 apì to biblÐo twn I.D. QatzhdhmhtrÐou kai
G.D. Mpìzh: `Eisagwg  sth Mhqanik  twn Suneq¸n Mèswn'.
g) OrÐzoume thn orjokanonik  b�sh

e⃗u1 =
ϵ⃗1
|⃗ϵ1|

⇒ e⃗u1 = ϵ⃗1

e⃗u2 =
ϵ⃗2
|⃗ϵ2|

⇒ e⃗u2 =
1

|u1|
ϵ⃗2

e⃗u3 =
ϵ⃗3
|⃗ϵ3|

⇒ e⃗u3 =
1

|u1 sinu2|
ϵ⃗3

Apì thn ap�nthsh tou erwt matoc a) katalabaÐnoume ìti ta dianÔsmata thc fusik c, kai thc
antÐstrofhc fusik c b�shc eÐnai par�llhla metaxÔ touc. Opìte

ϵ⃗1ϵ⃗1 = 1 ⇒ |⃗ϵ1|e⃗u1 |⃗ϵ1|e⃗u1 = 1 ⇒ |⃗ϵ1| = 1 ⇒ ϵ⃗1 = e⃗u1 = ϵ⃗1.

OmoÐwc brÐskoume

ϵ⃗2 =
1

|u1|
e⃗u2 =

1

(u1)2
ϵ⃗2

ϵ⃗3 =
1

|u1 sinu2|
e⃗u3 =

1

(u1)2 sin2 u2
ϵ⃗3.
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2) H epÐpedh kÐnhsh suneqoÔc mèsou kajorÐzetai apì tic sqèseic

x1 = t+ ξ1, x2 =
t2

2
+ t+ ξ2.

Na brejoÔn:
a) (1,5 mon�dec) H troqi� tou swmatidÐou pou se qrìno t = 1 brÐsketai sthn arq  twn axìnwn.
b) (1 mon�da) H gramm  ro c pou se qrìno t0 = 1 pern�ei apì thn arq  twn axìnwn.

LÔsh: a) Gia t = 1 èqoume x1 = 0, x2 = 0 opìte ξ1 = −1 kai ξ2 = −3/2. Epomènwc oi arqikèc
exis¸seic paÐrnoun th morf 

x1 = t− 1, x2 =
t2

2
+ t− 3

2
.

ApaleÐfontac ton qrìno an�mesa touc (t = x1 + 1) brÐskoume telik�

x2 =
x21
2

+ 2x1.

b) Oi sunist¸sec thc taqÔthtac eÐnai

u1 =
dx1
dt

= 1, u2 =
dx2
dt

= t+ 1.

Opìte gia th gramm  ro c gia t = 1 èqoume

dx1
u1

=
dx2
u2

⇒ dx1
1

=
dx2
2

⇒ 2x1 = x2 + c.

Epeid  h gramm  ro c pern�ei apì to shmeÐo (0, 0) èqoume c = 0. Telik� paÐrnoume

2x1 = x2.

3) DÐnetai to pedÐo taqut twn

ux = −2z2, uy = 0, uz = 3x2.

a) (0,5 mon�dec) Proèrqetai apì dunamikì?
b) (1 mon�da) Na brejoÔn oi exis¸seic twn gramm¸n ro c.
g) (1 mon�da) Na brejoÔn oi sunist¸sec thc epit�qunshc sunart sei twn metablht¸n tou Euler.

LÔsh: a) Epeid  rotu⃗ = ∇× u⃗ =

∣∣∣∣∣∣
e⃗1 e⃗2 e⃗3
∂
∂x

∂
∂y

∂
∂z

−2z2 0 3x2

∣∣∣∣∣∣ = (−6x−4z)e⃗2 ̸= 0⃗ to pedÐo den proèrqetai

apì dunamikì.
b) Gia na broÔme thn exÐswsh twn gramm¸n ro c èqoume:

dx

ux
=

dy

uy
=

dz

uz
= dλ.
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EÔkola brÐskoume
dy

uy
= dλ ⇒ dy = uydλ = 0 ⇒ y = ξ2 = stajer�.

EpÐshc èqoume
dx

−2z2
=

dz

3x2
⇒ 2z2dz = −3x2dz ⇒ 2

∫
z2dz = −3

∫
x2dx ⇒ 2z3 = −3x2 + c.

H stajer� c kajorÐzetai apì tic arqikèc sunj kec kai isoÔtai me c = 2(ξ3)3 + 3(ξ1)3.
Epomènwc oi grammèc ro c perigr�fontai apì tic sqèseic:

z3 = −3

2
x3 + (ξ3)3 +

3

2
(ξ1)3, y = ξ2.

g) Gia thn eÔresh twn sunistws¸n thc epit�qunshc qrhsimopoioÔme tic sqèseic

αi =
∂ui
∂t

+ u⃗∇⃗ui

Epomènwc èqoume

αx =
∂ux
∂t

+
∂ux
∂x

ux +
∂ux
∂y

uy +
∂ux
∂z

uz = 0 + 0 + 0− 4z(3x2) ⇒ αx = −12x2z.

OmoÐwc brÐskoume

αy = 0, αz = −12xz2.

4) H kat�stash t�shc se suneqèc mèso kajorÐzetai apì ton tanust  t�shc:

p11 = p22 = p33 = p23 = 0, p12 = 10x3, p13 = −10x2.

Na brejoÔn kat� mètro h orj  (1 mon�da) kai h diatmhtik  t�sh (1,5 mon�dec) pou antistoiqoÔn
sto efaptìmeno epÐpedo sthn epif�neia 3x21 − 4x23 +

1
4 = 0 sto shmeÐo thc A

(
1
2 , 0,−

1
2

)
.

LÔsh: a) H genik  morf  tou tanust  t�shc eÐnai

(Tij) =

 0 10x3 −10x2
10x3 0 0
−10x2 0 0

 .

To k�jeto di�nusma sthn epif�neia Φ(x1, x2, x3) = 3x21−4x23+
1
4 = 0 eÐnai to ∇⃗Φ = (6x1, 0,−8x3).

Epomènwc to monadiaÐo k�jeto di�nusma sthn epif�neia sto shmeÐo A
(
1
2 , 0,−

1
2

)
eÐnai to.

n⃗ =
∇⃗Φ

|∇⃗Φ|
=

1

5
(3, 0, 4).

To antÐstoiqo di�nusma t�shc eÐnai

p⃗ = TAn⃗ = ⇒

 0 −5 0
−5 0 0
0 0 0

 1

5

 3
0
4

 =

 0
−3
0


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To di�nusma t�shc p⃗ gr�fetai wc �jroisma thc orj c p⃗n kai thc diatmhtik c t�shcp⃗τ

p⃗ = p⃗n + p⃗τ .

Gia ta mètra pn, pτ aut¸n twn dianusm�twn èqoume

pn = p⃗ · n⃗ =
1

5
(3, 0, 4)(0,−3, 0) = 0.

p2τ = p⃗2 − (p⃗ · n⃗)2 ⇒ p2τ = p⃗2 ⇒ pτ = |p⃗| = 3.
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